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Abstract
We study the structure of classical groups of equivalences for smooth
multigerms f : (N,S) → (P, y), and extend several known results for
monogerm equivalences to the case of mulitgerms. In particular, we study
the group A of source- and target diffeomorphism germs, and its stabilizer
Af . For monogerms f it is well-known that if f is finitely A -determined,
then Af has a maximal compact subgroup MC(Af ), unique up to con-
jugacy, and Af/MC(Af ) is contractible. We prove the same result for
finitely A -determined multigerms f . Moreover, we show that for a min-
istable multigerm f , the maximal compact subgroup MC(Af ) decomposes
as a product of maximal compact subgroups MC(Agi) for suitable rep-
resentatives gi of the monogerm components of f . We study a product
decomposition of MC(Af ) in terms of MC(Rf ) and a group of target dif-
feomorphisms, and conjecture a decomposition theorem. Finally, we show
that for a large class of maps, maximal compact subgroups are small and
easy to compute.
1 Introduction
When studying global properties of smooth, singular maps, a typical approach is
to first solve problems locally, and then glue the local solutions together. When
the map F in question is stable, the typical local situation is the following:
Singularities of F are found along stratified subsets of source and target of
F . Each stratum consists of points where a certain singular germ f appears
as a singularity of F . These strata are submanifolds of source and target,
respectively, and in tubular neighborhoods of these submanifolds, F restricts to
a fibered family of germs f , as illustrated in fig. 1. Such decompositions are
discussed in detail in [2].
The singular germs are determined up to changes of local coordinates in
source and target of the germ, also called a right-left equivalence, or, in modern
terminology, anA -equivalence. Two germs f, g : (Rn, 0)→ (Rp, 0) are right-left-
equivalent, and hence define the same singularity, if there exist diffeomorphism
germs φ : (Rn, 0)→ (Rn, 0) and ψ : (Rp, 0)→ (Rp, 0) such that g = ψ◦f ◦φ. The
group A of all such equivalences (φ, ψ) coincides with the product of groups
R ×L , where R consists of source diffeomorphism germs φ and L consists of
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Figure 1: Along the two submanifolds S1 and S2 of the source manifold N , we
find singularities f1 and f2, which are both mapped onto the submanifold St of
the target manifold P . If F is stable, then in tubular neighborhoods T1 and T2,
F will restrict to a fibered map f × idS , where f = f1 unionsq f2. In order to combine
constructions on such local decompositions back into a global construction, we
need to understand the symmetry group Af .
target diffeomorphism germs ψ. These groups all act on the space of multigerms
f : (Rn, 0)→ (Rp, 0) through composition of maps, e.g., (φ, ψ) · f = ψ ◦ f ◦ φ.
The fibered family of singularities in fig. 1 defines a fiber bundle, whose struc-
ture group is the stabilizer Af of A -equivalences leaving f invariant. In order
to patch local constructions on such local fiber bundles together, it becomes
essential to understand Af . In reality, the germ f will often be a multigerm,
where each point in the target of the map corresponds to several source points,
just like in fig. 1. Thus, we need to understand Af in the case where f has
several source basepoints. For instance, knowledge of the structure of Af for
multigerms f is used in [3, 2] to prove topological stability of maps.
In this article, we show that given a finitely A -determined multigerm f ,
the group Af has a maximal compact subgroup, which is unique up to conju-
gacy. We denote an arbitrary representative of the conjugacy class by MC(Af ),
and we show that the quotient Af/MC(Af ) is contractible, where contractibil-
ity is defined through a smooth map extension property. Geometrically, this
means that we can reduce the non-topological structure group Af of the tubu-
lar neighborhood bundle to the compact, finite-dimensional Lie group given by
MC(Af ).
Most of the results presented in this article have been proven for monogerms
by K. Ja¨nich [6], C.T.C. Wall [15] and R. Rima´nyi [12]. Other groups of germ
equivalences have also been studied. In his thesis [11, Theorem 1.6.3], Rima´nyi
states our main theorem in the case of A -equivalences for stable multigerms,
without proof.
For some classical groups of germ equivalences, the step from monogerms to
multigerms is trivial. It is easy to see that we can decompose the groups K
and Kf , defined on p. 5, for multigerms f = f1 unionsq . . . unionsq fs :
⊔
s(Rn, 0)→ (Rp, 0)
to a product of K -groups for monogerms: K (s − multigerms) = K s and
Kf = Kf1 × . . . ×Kfs . Similarly, for the group of source diffeomorphisms, or
R-equivalences, we have R(s −multigerms) = Rs and Rf = Rf1 × . . . ×Rfs .
However, in the case of A -equivalences, the multigerm case does not in any
obvious way reduce to the monogerm case.
By lemma 4, any stable multigerm F : (Rn, S) → (Rp, 0) with |S| = s < ∞
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admits a decomposition(
s⊔
i=1
σi ◦ (fi × idRp−pi−d)
)
×idRd :
 s⊔
i=1
Rni ×
∏
j 6=i
Rpj
×Rd → ( s∏
i=1
Rpi
)
×Rd
(1)
in suitably chosen coordinates, where the fi are ministable germs which are EK -
equivalent to the germs of F at points in S (see [9, p. 30]). If F is ministable,
then d will be 0. (In Rima´nyi’s terminology, the fi will be roots of their kinds.)
There is a natural embedding of the product Af1 × . . .×Afs into AF , given
by
ι : ((φ1, ψ1), . . . , (φs, ψs)) 7→
 s⊔
i=1
σi ◦ (φi ×
s∏
j=1j 6=i
ψj), (ψ1, . . . , ψs)
 , (2)
where σi moves the first component to the i
th. However, there is no guarantee
that this embedding is surjective. Suppose that there are two ways of decompos-
ing F as in (1), and suppose for simplicity that d = 0. That is, there exist some
diffeomorphism germs Φi, i = 1, . . . , s and Ψ, such that the following commutes:
s⊔
i=1
Rni ×
∏
j 6=i
Rpj
s∏
i=1
Rpi
s⊔
i=1
Rni
∏
j 6=i
Rpj
s∏
i=1
Rpi
//
⊔s
i=1 σi◦(fi×id)

 
 
 
 
 
 
 
 

⊔s
i=1 Φi

 
 
 
 
 
 
 
 

Ψ
//⊔s
i=1 σi◦(fi×id)
Given an element ι ((φ1, ψ1), . . . , (φs, ψs)) ∈ AF , there is no obvious guar-
antee that
α =
 s⊔
i=1
Φi ◦
σi ◦ (φi ×∏
j 6=i
ψj)
 ,Ψ ◦ (ψ1, . . . , ψs)

is of the form on the right hand side of (2). What is easy to show is that the
axes
σi (Rni × {0}) ⊂ σi
(
Rni ×
∏
Rpj
)
,
are left invariant under α, since this is where the singularities fi are found, but
this is not enough.
We had hoped that it might be easier to find a decomposition for compact
subgroups G < Af , as these are conjugate to linear subgroups of A . However,
we meet yet another problem – can we find coordinates that simultaneously give
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f in the form (1) and linearize G? This problem might be solved by replacing
G by the 1-jet of G, which is isomorphic to G – but j1G would not generally
leave f invariant, and hence would not be a subgroup of Af .
We shall, indeed, see that for statements concerning maximal compact sub-
groups of Af , we can reduce to the monogerm case – but this is not trivial. For
statements concerning all of Af – in particular concerning the contractibility of
the quotient Af/MC(Af ) – we need to reprove the theorems for multigerms.
We shall also investigate a decomposition theorem for Af in terms of Rf and
a subgroup of L . Finally, we show that for a large class of multigerms f , the
maximal compact subgroups MC(Af ) are very simple.
Some of the results presented in this article can be found in A. Feragen’s
PhD thesis [2], to which we refer for a higher level of detail.
2 Preliminaries and terminology
We denote by E (n) the ring of function germs (Rn, 0)→ R, and denote by m(n)
the ideal in E (n) consisting of germs that map 0 to 0. We write E (n, p) for the
set of germs (Rn, 0)→ Rp, and note that E (n, p) ∼= ⊕p E (n).
Let f : (M,S)→ (N, y) be a smooth germ. Define the set θf of vector fields
along f to be the set
{θ : N → TP |piP ◦ θ = f},
and set
θS = θ(N,S) = θid(N,S) , and
θy = θ(P,y) = θid(P,y) ,
where we choose notation depending on how explicit we need to be. We define
tf : θS → θf and wf : θy → θf by setting
tf(ξ) = Tf ◦ ξ,
wf(η) = η ◦ f.
In this article, S will always be a finite set {x1, . . . , xs}, and we can, up to a
choice of local coordinates, always write a germ f : (N,S)→ (P, y) in the form
f := f1 unionsq f2 unionsq . . . unionsq fs : (Rn, 0) unionsq . . . unionsq (Rn, 0)︸ ︷︷ ︸
s copies
→ (Rp, 0), (3)
where n and p are the dimensions of N and P , respectively.
We shall need the following standard choice of coordinates for stable multi-
germs:
Lemma 4 Let f :
⊔s
i=1(Rn, 0) → (Rp, 0) be a stable multigerm. By choosing
suitable local coordinates, we may assume that f is of the form
F :
s⊔
i=1
Rni ×∏
j 6=i
Rpj × Rd, 0
→
 s∏
j=1
Rpj × Rd, 0
 ,
where F =
⊔s
i=1 σi ◦ (Fi × id∏j 6=i t(Fj)×Rd); Fi : Rni → Rpi is ministable; the
local algebra of Fi is isomorphic to the local algebra of the germ of f at xi; σi
moves the 1st coordinate to the ith in
∏s
i=1 t(Fi); and d ∈ N0 is chosen to get
the appropriate dimensions. Here, s(Fj) denotes the source of Fj, and t(Fj)
denotes the target of Fj.
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Proof. Since the Fi are unfoldings of the fi, the local algebras Q(Fi) and Q(fi)
are isomorphic, and as a consequence also the local algebras Q(F ) and Q(f) are
isomorphic [8, Theorem 2.1]. Hence F and f are K -equivalent. But F and f
are also both stable, hence F and f are A -equivalent [4, Chapter III Theorem
4.3].
3 Groups of multigerm equivalences
Suppose given a multigerm f = f1 unionsq f2 unionsq . . . unionsq fs as in (3). Recall that if R is
the group of diffeomorphism germs of a source component (Rn, 0), and L is the
group of diffeomorphism germs of the target (Rp, 0), then A denotes the group
of equivalences on the space of multigerms
C∞ ((Rn, 0) unionsq . . . unionsq (Rn, 0), (Rp, 0)) (5)
defined by
⊔
sR unionsq L . We will write elements of A either in the form φ =
(φ1, . . . , φs, φt) where the φi are the diffeomorphisms in question, or sometimes
in the form ψ = (ψ1, . . . , ψs) where ψi = φi × φt for each i. We use the latter
notation when we consider ψ as an element in the group K , as defined below.
Note that with this definition, the A -equivalences leave the source base points
fixed.
The group K of equivalences on the space of multigerms (5) is the group of
diffeomorphism germs
H :
(⊔
s
Rn × Rp,
⊔
s
(0, 0)
)
→
(⊔
s
Rn × Rp,
⊔
s
(0, 0)
)
such that the following diagram commutes:⊔
s
(Rn, 0)
⊔
s
(Rn × Rp, (0, 0))
⊔
s
(Rn, 0)
⊔
s
(Rn, 0)
⊔
s
(Rn × Rp, (0, 0))
⊔
s
(Rn, 0)
//
id×0

H0
//
prRn

H

H0
//
id×0
//
prRn
where H0 = H|Rn × {0}. We will write elements of K in the form ψ =
(ψ1, . . . , ψs) where, in fact, ψ =
⊔
i ψi. The group K acts on germs f in the
following way: H · f = g if (id, f) ◦H0 = H ◦ (id, g).
Given a multigerm f , we denote by Af or Kf the stabilizer of A or K at
f ; namely
Hf = {ψ ∈H : ψ · f = f}
for H = A or K .
Following the original definition by Ja¨nich [6], we define a compact subgroup
of A to be a subgroup G of A which is conjugate in A to a compact subgroup
of
⊔
sGLn unionsq GLp < A . The definition is reasonable: Suppose that G < A is
isomorphic to some compact Lie group G˜, such that G˜ acts diffeomorphically on
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⊔
s RnunionsqRp through the isomorphism G˜→ G, keeping the origins fixed (compare
with the definition of [10]). Then, in particular, G˜ acts diffeomorphically on each
of the Rn and on Rp. By Bochner’s theorem we can choose local coordinates
in (Rn, 0), . . . , (Rn, 0) and (Rp, 0), respectively, given by diffeomorphism germs
φ1, . . . , φs and φt, with respect to which G acts linearly on the Rn and on Rp.
These define an element (φ1, . . . , φs, φt) of A , which linearizes G in A .
By analogy, we define a compact subgroup of K to be a subgroup G <
K which is conjugate in K to a compact linear subgroup of
⊔
sGLn × GLp.
Throughout the rest of the article, we let H denote A or K unless otherwise
is specified.
Given a compact subgroup G of a group H of diffeomorphism-germs such
as A , K or R, we say that G is a maximal compact subgroup of H if any other
compact subgroup H of H is conjugate in H to a subgroup of G.
We start out by making a few basic observations concerning the groups of
A -equivalences and K -equivalences:
Lemma 6 i) We have Af < Kf , so in particular MC(Af ) < MC(Kf ),
assuming the maximal compact subgroups exist.
ii) Suppose that f : (Rn, 0) → (Rp, 0) is a monogerm, and consider A and
K as groups acting on the source and target of f . Then K ∩GLn+p is a
subgroup of A , so in particular, Kf ∩GLn+p < Af .
iii) Suppose that a multigerm f :
⊔
s(Rn, 0) → (Rp, 0) is finitely k − H -
determined, and suppose that G < Hf is compact. Then we can find
an element φ ∈H and a subgroup G˜ of Hφ·f such that φ · f is a polyno-
mial of degree ≤ k, and G˜ is a linear group which is conjugate (in H ) to
G.
iv) For any compact subgroup G ofH the restriction of the 1-jet map j1| : G→⊔
sGLn ×GLp is injective.
Proof. Claim i) is trivial.
ii) An element H ∈ K is an element of A if it can be decomposed as H =
H1 ×H2, where H1 : (Rn, 0) → (Rn, 0) and H2 : (Rp, 0) → (Rp, 0). Since
H ∈ K , we know that H(Rn, 0) ⊂ (Rn, 0), so we set H1 = H|(Rn, 0)×{0}.
Since H is a linear diffeomorphism, H(a) ∈ H1 for some a ∈ (Rn+p, 0)
implies a ∈ H1. Then we must have H(b) ∈ H⊥1 = {0} × (Rp, 0) :=
H2, for all b ∈ {0} × (Rp, 0), since otherwise, we would find a = b −
H−1(prH2(H(b))) /∈ H1 with H(a) ∈ H1.
iii) Since G < Hf is compact, we can find ψ ∈ H such that ψGψ−1 is
linear, by definition. Now G˜ = ψGψ−1 < Hψ·f , and since f is k −
H -determined, so is ψ · f . In particular, ψ · f is H -equivalent to the
polynomial representative p of its k-jet jk(ψ · f), by an element ψ˜ ∈ H ,
say:
p = ψ˜ · ψ · f.
We claim that G˜ < Hp. Since the linear group G˜ leaves ψ · f invariant,
it certainly leaves the jet jk(ψ · f) invariant in Jk(n, p). But then it must
leave p invariant, since then, for any g ∈ G˜, the map g · p is a degree k
polynomial representing jk(ψ · f). Set φ = ψ˜ · ψ, and we are done.
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iv) By the definition of a compact subgroup, there exists a choice of coordi-
nates on
⊔
sRn × Rp such that G acts linearly; now in these coordinates
the 1-jet map is just the inclusion into
⊔
sGLn × GLp. The topological
properties of the map j1 do not depend on the choice of coordinates; hence
j1|G is injective. 
3.1 Maximal compact subgroups
Now we are ready to state and prove the main theorem of the section.
Theorem 7 Let f be a finitely H -determined multigerm as in (3). The group
Hf has a maximal compact subgroup, which is unique up to conjugation in Hf .
The monogerm version of this theorem was proven by Ja¨nich [6] (forH = R)
and Wall [15] (forH = A orK ) with some completing comments by du Plessis
and Wilson [10, p. 270], who proved similar results for actions of R, but without
finite R-determinacy.
Proof. Just like in the monogerm case we will need an equivariant finite deter-
minacy condition, as formulated in the lemma below. The proof of the lemma
follows the standard proof of k-determinacy [7], using vector fields – but aver-
aging the vector fields over the group G using the Haar integral.
Lemma 8 Let f :
⊔
s(Rn, 0)→ (Rp, 0) be k−H -determined, and suppose that
G is a compact linear subgroup of Hf . Then f is k −G-determined; that is, if
f˜ :
⊔
s(Rn, 0) → (Rp, 0) is G-invariant such that jkf = jkf˜ , then there exists
φ ∈ H such that φ · g = g · φ for all g ∈ G, and f˜ = φ · f . In particular,
G <Hf˜ , since g · f˜ = g · φ · f = φ · g · f = φ · f = f˜ for all g ∈ G.
Assume that f is k − H -determined. We write H k for the families of
invertible k-jets
φk = (φk1 , . . . , φ
k
s) :
(⊔
s
Rn × Rp,
⊔
s
0
)
→
(⊔
s
Rn × Rp,
⊔
s
0
)
, φ ∈H ,
and write H kf for the subgroup stabilizing j
kf ; both these groups are real
algebraic.
Real algebraic groups have finitely many components, so we may apply Iwa-
sawa’s theorem [5, p. 180] and choose a maximal compact subgroup G of H kf .
Following the arguments of Ja¨nich [6, §2] and Bochner [1] we can linearize G in
the following ways:
Lemma 9 i) Suppose that G < H k is a compact subgroup. Then there
exists φ ∈H k such that φGφ−1 < ⊔sGLn ×GLp.
ii) Suppose that G < H is a compact subgroup. Then there exists φ ∈ H
such that φGφ−1 <
⊔
sGLn × GLp. Suppose, furthermore, that jkG <⊔
sGLn ×GLp <H k. Then we may assume that jkφ = (1, . . . , 1).
We return to the proof of theorem 7, and to the maximal compact subgroup
G of H kf .
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Denote G0 = φGφ
−1 <
⊔
sGLn × GLp. By abuse of notation, we will also
denote by G0 the corresponding linear subgroup of H k. Let φ˜ ∈H such that
jkφ˜ = φ. Then if f0 = φ˜ · f , its jet jkf0 is G0-invariant, and G0 is maximal
compact in H kf0 .
Let H be any compact subgroup ofHf0 . By classical Lie group theory j
kH is
conjugate inH kf0 to a subgroup of G0, say by a family of jets of diffeomorphisms
ψk = (ψk1 , . . . , ψ
k
s ). Let ψ˜ be a family of diffeomorphisms (ψ˜1, . . . , ψ˜s) with jet
ψk. Then the k-jet of ψ˜Hψ˜−1 is linear.
By lemma 9, we can find ψ = (ψ1, . . . , ψs) with the same k-jet as ψ˜, such
that ψHψ−1 is linear. Hence f˜ = ψ · f0 is (ψHψ−1)-invariant, just like f0
(because ψHψ−1 < G0). Since jkψ = jkψ˜ = ψk ∈ H kf0 , we have jkf˜ = jkf0.
Recall that f0 is k − (ψHψ−1)-determined, so by lemma 8 there exists some
(ψHψ−1)-equivariant family of diffeomorphisms α = (α1, . . . , αs) ∈ H such
that f0 = α · f˜ . Hence f0 = (αψ) · f0, and so αψ preserves f0 and conjugates
H to
αψHψ−1︸ ︷︷ ︸
<G0
α−1 = ψHψ−1 < G0
where the last equality holds because α is G0-equivariant.
We have seen that G0 can be viewed as a compact subgroup of Hf0 , and
that any other compact subgroup H of Hf0 is conjugate to a subgroup of G0,
so conjugating back to Hf , we see that theorem 7 holds.
3.2 Contractibility of quotients
Following Ja¨nich [6], we define what it means for Af/MC(Af ) to be con-
tractible. We have not specified a topology on Af/MC(Af ), and in fact we
shall define contractibility not in terms of the topology of Af/MC(Af ) as a
space of its own, but through the topological properties of its action on the
source and target of f .
Before defining contractibility, we define what it means for a map into a
quotient Af/G to be smooth. Let G be a subgroup of A . Given a smooth
manifold M , possibly with boundary, we say that a map q : M → A /G is
smooth if there exists an open covering {Ui} of M such that q is represented by
fibered (over Ui) maps φi : Ui×
⊔
s Rn → Ui×
⊔
s Rn and ψi : Ui×Rp → Ui×Rp,
which are diffeomorphisms.
Equivalently, a map α : M → A /G is smooth if there exists an open cov-
ering {Ui}i∈I of M such that α admits a local lift α˜i : Ui → A , where the
corresponding fibered map-germs φi and ψi are smooth.
Definition 10 Let G be a subgroup of Af . The quotient Af/G is contractible
if for every smooth manifold M with boundary, any smooth map ∂M → Af/G
can be extended to a smooth map M → Af/G.
We proceed to state and prove the main result of the section:
Theorem 11 Suppose given a finitely A -determined multigerm
f =
s⊔
i=1
fi :
s⊔
i=1
(Rn, 0)→ (Rp, 0).
Then the quotient Af/MC(Af ) is contractible.
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This proof follows that of Rima´nyi [11] for the monogerm case.
Proof. The following proposition is crucial to the proof:
Proposition 12 There exists an l ∈ N such that the following holds:
If M is an r-dimensional manifold with boundary (possibly empty) and
g, h : (M ×
⊔
s
Rn,M ×
⊔
s
{0})→ (M × Rp,M × {0})
are fibered (over M) germs at M ×⊔s{0} satisfying the following properties:
g|∂M ×
⊔
s
(Rn, 0) = h|∂M ×
⊔
s
(Rn, 0), and
jl(g|u× Rn) = jl(h|u× Rn) = jlf ∀u ∈M,
then there exist ψk ∈ Diff(M × Rn), k = 1, . . . , s, and φ ∈ Diff(M × Rp) such
that g = φ ◦ h ◦⊔s(ψk)−1 and
ψk|∂M × Rn = id, φ|∂M × Rp = id,
j1(ψk|u× Rn) = id, j1(φ|u× Rp) = id,
for all u ∈M , k = 1, . . . , s.
Remark 13 Paraphrased, proposition 12 says: Given a pair of ”smooth” maps
g, h : M → C∞ ((Rn, 0), (Rp, 0)) such that g|∂M = h|∂M and jl(g(u)) = jl(h(u)) =
jlf for all u ∈M , there exists a smooth map ϕ : M → A such that ϕ|∂M ≡ id,
j1ϕ ≡ id and g = ϕ · h.
Proof. We find the ψk and φ by using the flows of suitably chosen vector fields
in the source components and in target.
Let F : (M ×⊔s Rn × R,M ×⊔s{0} × R) → (M × Rp × R,M × {0} × R)
be the map germ defined by (u, x, t) 7→ ((1− t)g(u, x) + th(u, x), t). From now
on, we denote by u = (ui), x
k = (xki ), y = (yi), t, the coordinates of M ,
the kth source component Rn, Rp, and R, respectively. We write F =
⊔s
k=1 F
k,
and the notation Fy will denote the composition prRp ◦ F , and so on.
Constructing the diffeomorphisms
We want to construct the diffeomorphisms ψk and φ through flows Ψ and Φ in
the source and target of F such that
Ψ| : (M ×⊔s Rn × R)× [0, 1]→M ×⊔s Rn × R, Ψ = ⊔sk=1 Ψk,
Φ| : (M × Rp × R)× [0, 1]→M × Rp × R,
with
Ψk
(
(u, xk, 0), s
) ∈M × Rn × {s},
Φ ((u, y, 0), s) ∈M × Rp × {s},
for all s ∈ [0, 1], and F (Ψ((u, x, 0), s)) = Φ((g(u, x), 0), s) = Φ(F (u, x, 0), s),
which holds if
F ◦Ψ = Φ ◦ (F × pr[0,1]). (14)
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Suppose that we have found such flows Ψ and Φ, and define maps
Ψ˜ : M ×⊔s Rn × [0, 1]→M ×⊔s Rn,
Φ˜ : M × Rp × [0, 1]→M × Rp,
by setting
Ψ˜(u, x, s) = prM×⊔s Rn ◦Ψ((u, x, 0), s),
Φ˜(u, y, s) = prM×Rp ◦ Φ((u, y, 0), s),
and define h˜ : M ×⊔s Rn × [0, 1]→M × Rp by setting
h˜(u, x, s) =
(
Φ˜−1s ◦ h ◦ Ψ˜
)
(u, x, s),
where Φ˜s(u, y) = Φ˜(u, y, s). Note that Φ˜0(u, y) = (u, y), and that Ψ˜(u, x, 0) =
(u, x).
Lemma 15 Then h˜0 = h and h˜1 = g.
Proof. It is straightforward to prove that h˜0 = h, and for the second identity
we note that h˜1(u, x) = h˜(u, x, 1) = Φ˜
−1
1 (h(Ψ˜(u, x, 1))), so h˜1 = g if and only if
(Φ˜1 ◦ g)(u, x) = (h ◦ Ψ˜)(u, x, 1) for all u, x, which holds if and only if
Φ˜(g(u, x), 1) = h(Ψ˜(u, x, 1)) for all u, x, (16)
where h(Ψ˜(u, x, 1)) = h(prM×⊔s Rn(Ψ((u, x, 0), 1))). But we have
F (Ψ ((u, x, 0), 1)) = Φ (F (u, x, 0), 1)
by (14), and Φ (F (u, x, 0), 1) = Φ(g(u, x), 0, 1) by the definition of F , while
F (Ψ ((u, x, 0), 1)) =
(
h
(
prM×⊔s Rn(Ψ((u, x, 0), 1))
)
, 1
)
, also by the definition
of F , so h(Ψ˜(u, x, 1)) = prM×Rp(F (Ψ((u, x, 0), 1))) = prM×Rp(Φ(g(u, x), 0, 1)) =
Φ˜(g(u, x), 1), and (16) holds.
In particular, Φ˜−11 ◦h◦Ψ˜1 = h˜1 = g, and thus Ψ˜1 and Φ˜1 are the conjugating
diffeomorphisms sought
⊔
ψk and φ.
Suppose that we are given map germs
Xk : (M × Rn × R,M × 0× R)→ (Rn, 0) (k = 1, . . . , s),
Y : (M × Rp × R,M × 0× R)→ (Rp, 0),
such that the following conditions (17) – (20) hold:
n∑
i=1
∂Fyj
∂xi
(u, xk, t)Xki (u, x
k, t) +
∂Fyj
∂t
(u, xk, t) = Yj(F (u, x
k, t)) (17)
for all j = 1, . . . , p, and k = 1, . . . , s;
Xk|M × 0× R = 0 (k = 1, . . . , s); Y |M × 0× R = 0; (18)

∂Xk
∂xi
(u, 0, t) = 0 for all i = 1, . . . , n, (k = 1, . . . , s);
∂Y
∂yj
(u, 0, t) = 0 for all j = 1, . . . , p;
(19)
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Xk|∂M × Rn × R = 0; Y |∂M × Rp × R = 0. (20)
Consider the flows of the following vector fields:
X˜k : M × Rn × R→ TM × TRn × TR, (u, xk, t) 7→ (0, X(u, xk, t), 1),
Y˜ : M × Rp × R 7→ TM × TRp × TR, (u, y, t) 7→ (0, Y (u, y, t), 1).
By (18), these flows exist at least in a neighborhood of M × 0×R. Further-
more, we see that the condition (17) is just the condition of being a derivative
of F -related flows, that is, a pair of flows satisfying (14).
The maps Ψ˜1 =
⊔s
k=1 Ψ˜
k
1 and Φ˜1 associated with the flows of X˜
k and Y˜ as
described above clearly satisfy
Ψ˜k1 |∂M × Rn = id Φ˜1|∂M × Rp = id,
j1(Ψ˜k1 |u× Rn) = id j1(Φ˜|u× Rp) = id,
by (19) and (20). Hence, the proof of proposition 12 is completed by finding
the vector fields Xk and Y . This construction is quite long and technical, but
follows the construction by Rimanyi for the monogerm case [12]. We refer to
the thesis [2] for details.
We may now return to the proof of theorem 11.
Denote by A l the Lie group of l-jets of elements of A and set
A lf = {(z1, . . . , zs, zt) ∈ A l|zt ◦ jlf ◦ (z1 unionsq . . . unionsq zs)−1 = jlf}.
For a sufficiently large l ∈ N, the image of a maximal compact subgroup of
Af under jl is a maximal compact subgroup of A lf . This is a consequence of
the apparently more general:
Lemma 21 For f finitely A -determined and l sufficiently large, any maximal
compact subgroup G of A lf is the image under j
l of a maximal compact subgroup
G˜ of Af .
Proof. Let G < A lf be a maximal compact subgroup. Up to conjugation by
some element φl ∈ A l, G is linear, i.e., φlG(φl)−1 ≡ Gφ is a linear maximal
subgroup of (A l)φl·f l = A lφ·f . But then Gφ (as a matrix group) is a subgroup
of Ap(φ·f), where p(φ · f) is the lth degree polynomial map representing φ · f .
For l sufficiently large, p(φ ·f) is A -equivalent to φ ·f via some element ψ ∈ A :
φ · f = ψ · p(φ · f).
We must have ψl := jlψ ∈ A lφ·f , since jl(φ · f) = jlψ · jl(p(φ · f)) =
jlψ · jl(φ ·f). That is, Gφψ ≡ ψGφψ−1 is a compact subgroup of Aφ·f such that
jlGφψ = ψ
lgφ(ψ
l)−1 is a maximal compact subgroup of A lφ·f , where Gφ < A
l
φ·f
is conjugate in A l to G via (φ−1)l. But then, if G˜ = φ−1ψ−1Gφψψφ, G˜ is a
maximal compact subgroup of Af and we have
jlG˜ = (φl)−1(ψl)−1ψlφlG(φl)−1(ψl)−1ψlφl = G. 
Let G be a maximal compact subgroup of Af . By replacing f by a suitably
chosen representative of its A -equivalence class, we may assume that G acts
linearly. Given a manifold with boundary M , we must show that any smooth
map α : ∂M → Af/G extends to a smooth map α¯ : M → Af/G.
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Lemma 22 Suppose given a smooth map α : ∂M → Af/G. Then there exists
a smooth lift α˜ : ∂M → Af :
Af
∂M Af/G

 
 
 
 
pi
??
α˜
//
α
Proof. Ja¨nich [6] and Rima´nyi [12] claim the existence of a lift α˜ as a conse-
quence of a section σ : Af/G → Af lifted from the section σl : A lf/G → A lf ,
which exists because A lf/G is contractible. See the diagram (23) below. We take
the time to explain how such a lift is constructed. Associated with the section σl
is a map τ : A lf → G such that σl ◦ pil(α) = τ(α) ·α for all α ∈ A lf . The section
σ is now given by σ(pi(g)) = τ(jl(g)) · g for any representative g of the orbit
pi(g). The smoothness of τ is ensured by the fact that τ(g) = (σl(pil(α)) · α−1.
Af A lf
Af/G Af/G A
l
f/G A
l
f/G
//
jl

 
 
 
 

pi

 
 
 
 
pil
//
id
??
σ?
//
j¯l
oo
id
__????????????
σl
(23)
Consider the composition β = j¯l ◦ α : ∂M → Af/G → A lf/G. Since A lf/G
is contractible, we can construct an extension β¯ : M → A lf/G. Composing with
the section σl, we obtain a map γ : M → A lf/G→ A lf .
Lemma 24 There exists a smooth map δ : ∂M → G such that jl◦(δ ·α˜) : ∂M →
A lf coincides with γ|∂M .
Proof. Construct smooth maps
δ1 : ∂M → G, δ1 = h ◦ γ|∂M,
δ2 : ∂M → G, δ2 = h ◦ α˜,
and set δ = δ1 · δ−12 . Then jl ◦ (δ · α˜) = γ|∂M if and only if
ϕ ◦ jl ◦ (δ · α˜) = ϕ ◦ γ|∂M, (25)
and it is clear from the commutative diagram below that prA lf/G◦ϕ◦jl◦(δ ·α˜) =
12
pil ◦ jl ◦ (δ · α˜) = pil ◦ jl ◦ α˜ = β¯|∂M = prA lf/G ◦ ϕ ◦ γ|∂M ,
Af A lf G
∂M Af/G A
l
f/G G×A lf/G
M
//
jl

pi
$$J
JJ
JJ
JJ
JJ
JJ
ϕ

pil
//h
::tttttttttttt
a˜
//
α

//
j¯l
OO
pr
oo
pr44jjjjjjjjjjjjjjjjjjjjjjjjj
β¯
while prG ◦ ϕ ◦ jl ◦ (δ · α˜) = h ◦ jl ◦ (δ · α˜) = δ · (h ◦ jl ◦ α˜) = (h ◦ γ|∂M) · (h ◦
jl ◦ α˜)−1 · (h ◦ jl ◦ α˜) = h ◦ γ|∂M = prG ◦ ϕ ◦ γ|∂M . Thus (25) is true, and this
concludes the proof of lemma 24.
By lemma 24 we see that replacing the old map α˜ by δ · α˜, we may assume
that jl ◦ α˜ = γ|∂M . This will enable us to construct a map α¯ : M → A which
extends α˜. Without the assumption jl ◦ α˜ = γ|∂M we risk – for instance, if
M = [0, 1] – that jl(α˜(0)) and jl(α˜(1)) end up in different components of A lf ,
in which case an extension of α˜ is impossible. This, however, is not crucial in
order to get the map into Af/G.
As a first step, we construct a map α′ : M → Ajlf = {φ ∈ A |jlφ ∈ A lf},
extending α˜, and in particular such that piA
jlf
◦ α′ extends our map ∂M α→
Af/G → Ajlf/G, where the second map is induced by the inclusion, and such
that jlα′ = γ.
In order to do this, we must construct diffeomorphism germs at M × {0}:
F1 =
⊔s
k=1 F
k
1 : (
⊔
sM × Rn,
⊔
sM × 0)→ (
⊔
sM × Rn,
⊔
sM × 0)
F2 : (M × Rp,M × 0)→ (M × Rp,M × 0)
from given germs in ∂M ×⊔s Rn and ∂M ×Rp, and where the l-jets are given
everywhere.
We go through the construction for one of the F k1 ; the proof for F2 is similar.
If we can find F k1 locally, then we get a global solution by using a partition of
unity to add the solutions together fiberwise. This gives a diffeomorphism germ
since the l-jet, and thus in particular the differential DF k1 , is fixed everywhere.
At points in the interior of M , we can just define the local F k1 by taking the
lth degree polynomial representative of the given jet. Near points in ∂M , we
construct the component functions of the local F k1 in the following way:
Given a polynomial P of degree l in the variables x1, . . . , xn with coeffi-
cients from the ring E (r) of smooth functions in r variables, and a smooth
function p0 : Rr−1+n → R such that jlxp0 = P (0, u2, . . . , ur, x1, . . . , xn), (here
the coordinates of Rn are denoted by xi and the local coordinates of M are
denoted by uj , where ∂M is given by u1 = 0) we construct a smooth function
p : Rr+n → R such that p|{u1 = 0} = p0, and jlxp = P (u1, . . . , ur, x1, . . . , xn).
One function which satisfies all of the above, is the combination p(u, x) =
p0(u2, . . . , ur, x)− P (0, u2, . . . , ur, x) + P (u1, . . . , ur, x).
It follows that the map α′ : M → Ajlf exists, and it is represented by the
product F = (F 11 , . . . F
s
1 , F2). We use it to construct the extension sought
α¯ : M → Af/G:
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We compare the maps
φν : M ×
⊔
s
Rn →M × Rp ν = 1, 2
given by
φ1 : (u, x) 7→ (u, (α′(u) · f)(x)) ,
φ2 : (u, x) 7→ (u, f(x)) .
These two maps coincide on ∂M × ⊔s Rn, and their l-jets coincide at each
M -level, thus we can apply proposition 12 to find a smooth map ψ : M → A
such that ψ · φ1 = φ2, j1ψ = id and such that ψ|∂M = id. Now the map
α¯ : M → Af , α¯ = ψ ·α′, is an extension of α˜ and jlα¯ = γ (because j1ψ = id).
Most importantly, it defines an extension α¯ = pi ◦ α¯ : M → Af/G of α.
From the proof of theorem 11, we see that the following corollary also holds:
Corollary 26 Suppose that G is a maximal compact subgroup of Af . Given
a smooth map α : ∂M → Af , we can find a smooth map γ : ∂M → G and a
smooth map α˜ : M → Af such that α˜|∂M = γ · α.
4 The structure of MC(Af)
4.1 Factorization of MC(Af ) for multigerms
The main goal of this section is to prove that maximal compact subgroups of
Af for multigerms f decompose into products of maximal compact subgroups
of Agi for minimal representatives gi of their associated monogerms:
Theorem 27 We are given a ministable multigerm
f = f1 unionsq . . . unionsq fs : (Rn, 0) unionsq . . . unionsq (Rn, 0)→ (Rp, 0),
where
fi = σi ◦ (gi × id) : Rni ×
s∏
j=1,j 6=i
Rpj gi×id−→ Rpi ×
s∏
j=1,j 6=i
Rpj σi→
s∏
j=1
Rpj , (28)
where gi is a ministable unfolding of a rank 0 representative hi : Rn˜i → Rp˜i of
fi, and where n = ni +
∑s
j=1,j 6=i pj and p =
∑s
j=1 pj.
Then the maximal compact subgroup factors as
MC(Af ) ∼=
s∏
j=1
MC(Agj )
∼=
s∏
j=1
MC(Khj ).
Remark 29 When s = 1, this is [15, Proposition 3.2].
The proof of this theorem rests on relations between maximal compact sub-
groups of K - and A -equivalences, the monogerm versions of which are well
known. The following lemma is analogous to [12, Theorem 1.1].
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Lemma 30 Let f :
⊔
s(Rn, 0) → (Rp, 0) have rank 0 and let F :
⊔
s(RN , 0) →
(RP , 0) be a ministable unfolding of f . Suppose that G < AF is a compact
subgroup. Then there exists a compact subgroup of Kf which is isomorphic to
G. In particular, MC(AF ) < MC(Kf ).
Proof. Since G is compact, there exists h ∈ A such that G0 = hGh−1 is linear.
If F0 = h · F , then G0 < AF0 . We shall construct a map f0 ∼K f such that F0
is a ministable unfolding of f0.
Denote by Γ(F0) the graph of F0. If we write F0 =
⊔s
k=1 F
k
0 , then
Γ(F0) =
s⊔
k=1
Γ(F k0 ) =
s⊔
k=1
{(x, F k0 (x))|x ∈ RN}.
Since G0 is linear and Γ(F0) is G0-invariant, the tangent space
T0Γ(F0) ⊂ (RN unionsq . . . unionsq RN )× RP
is also G0-invariant.
Define subspaces
Ak := T0(Γ(F
k
0 )) ∩
(
RN × {0}) ,
Ck := prRP (T0(Γ(F
k
0 ))),
which are also G0-invariant. Choose G0-invariant complements B
k and Dk of
Ak and Ck in RN and RP , respectively. Then Ak ∼= Rn, Bk ∼= Rr, Ck ∼= Rr
and Dk ∼= Rp.
Denote by f0 the map germ
s⊔
k=1
fk0 :
⊔
s
Rn → Rp,
where f0 = (prDk ◦ F k0 )|Ak for each k = 1, . . . , s. We now prove that through
its action on
⊔s
k=1RN × RP , G0 is a subgroup of Kf0 = Kf10 × · · · ×Kfs0 .
F0 is a ministable unfolding of f0
It follows from the definition of Ck that prCk◦F0 is a submersion for each k, so in
particular the inclusion of Dk in RP is transverse to the germ F k0 . Furthermore,
the diagram
Ak Dk Rp
Ak ×Bk Dk × Ck Rp × Rr
//
fk0
 
//

//
Fk0
//
is trivially Cartesian for each k, and it follows that F0 unfolds f0. The unfolding
F0 is ministable because it is A -equivalent to the ministable map F .
Note, moreover, that since F0 and F are A -equivalent, the maps f and f0
must be K -equivalent.
Project the group
G0 <
s∏
k=1
GL(Ak)×GL(Bk)×GL(Ck)×GL(Dk)
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onto
s∏
k=1
GL(Ak)×GL(Dk); (31)
then the resulting group lies in Af10 × · · · ×Afs0 , so in particular it must lie in
Kf0 .
The projection restricts to an injection on G0
Equivalently, the action of G0 on the A
k and on Dk determines the action on
the Bk and Ck. The actions on Ak, Ck and Dk determines that on Bk (being a
germ, F0 is level-preserving if the coordinates on B
k are appropriately chosen),
thus it is enough to show that the action on Ck is determined by that on the
Ak and Dk.
For a general ministable multigerm
η =
s⊔
k=1
ηk :
s⊔
k=1
(RN , 0)→ (RP , 0),
define Nη = θη/tη(
⊕
s θ(RN ,0)) + η
∗(m(P ))θη [7]. Each ηk is A -equivalent to
a germ η˜k × idRdk , so that η˜k : (Rnk , 0) → (Rpk , 0) is ministable and has an
isolated singularity.
We can decompose into monogerm components:
θη ∼=
⊕s
k=1 θηk
tη(
⊕
θ(Rn,0)) ∼=
⊕s
k=1 tηk(θ(Rn,0))
η∗(m(p))θη = {f ◦ η|f : (Rp, 0)→ (R, 0)} · θη ∼=
⊕s
k=1 η
∗
k(m(p))θηk
and see that
Nη ∼=
⊕s
k=1 θηk/
⊕s
k=1
(
tηk(θ(Rn,0)) + η
∗
k(m(p))θηk
)
∼= ⊕sk=1 θηk/ (tηk(θ(Rn,0)) + η∗k(m(p))θηk) = ⊕sk=1Nηk ∼= ⊕sk=1Nη˜k .
In our situation, we write F0 =
⊔s
k=1 F
k
0 , where F
k
0 = σk ◦
(
F˜ k0 × idRP−pk
)
and F˜ k0 : Rnk → Rpk .
In the diagram
RP =
s⊕
k=1
Rpk =
s⊕
k=1
(
θ(Rpk ,0)/m(pk)θ(Rpk ,0)
)
NF0 =
s⊕
k=1
NFk0
s⊕
k=1
Nfk0 = Nf0

wF0=
⊕
wFk0
oo
qF0,f0
there is a naturally defined G0-action on each of the spaces, and both maps
wF0 and qF0,f0 are G0-equivariant. Hence, the action on Nf0 determines that
on RP , and in particular that on the Ck. It follows that the projection (31) is
injective on G0.
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Hence, G0 can be viewed as a compact subgroup of Kf0 . Since the germs f
and f0 are K -equivalent, the compact subgroups of Kf and Kf0 are conjugate
in K . There is thus a compact subgroup of Kf which is conjugate in K , and
thus isomorphic, to G0, which again is isomorphic to G. This concludes the
proof of lemma 30.
Proof (Proof of theorem 27). Denote by h the rank 0 multigerm
⊔s
i=1 hi.
Now we merely put the pieces together:
MC(Af )
lemma 30
< MC(Kh)
p. 2∼= ∏si=1MC(Khi)
remark 29∼= ∏si=1MC(Agi)
< MC(Af ),
where the last inequality is most easily seen to hold by considering the form
(28) and taking each ((ψi, φi)
s
i=1) ∈
∏s
i=1MC(Agi) to the element(
s⊔
i=1
φ1 × . . .× ψi × . . .× φs, φ1 × . . .× φs
)
.
This concludes the proof of the theorem.
4.2 A remark on the decomposition of MC(Af ) in terms
of MC(Rf )
For monogerms f , du Plessis and Wilson [10] have studied decomposition of
MC(Af ) in terms of MC(Rf ) and a subgroup of target diffeomorphisms which
preserve the discriminant of f , that is, the set D(f) = f(Σ(f)). The monogerms
studied in [10] are critical normalizations, a class of germs which contains all
stable map-germs, finitely A -determined germs with p ≥ 3 and Σ(f) 6= {0},
and all analytic, topologically stable map-germs. We are interested in [10, The-
orem 1.5], which says that if f is a finitely A -determined critical normalization,
then a certain subgroup, ˜Inv(D), of the target diffeomorphisms which preserve
the discriminant, admits a maximal compact subgroup G. Moreover, the natural
sequence
0→MC(Rf )→MC(Af )→ G→ 0 (32)
should be split exact. As a consequence, the maximal compact subgroupMC(Af )
should be the direct sum of MC(Rf ) and G. However, a closer inspection re-
vealed a problem with the proof of the monogerm version from [10].
Our goal is to prove the following conjecture, generalizing the claim by du
Plessis and Wilson to multigerms:
Conjecture 33 Let f be a finitely A -determined multigerm which is also a
critical normalization. The group ˜Inv(D(f)) admits a maximal compact sub-
group G, which is unique up to conjugation. Moreover, the sequence
0→MC(Rf ) i→MC(Af ) p→ G→ 0 (34)
is split exact, so that MC(Af ) = MC(Rf )⊕G.
17
In this section we shall discuss why the original proof of the monogerm
version of the conjecture does not hold. Moreover, we shall see just how close
to the result sought we can get with tactics similar to those in [10].
The proof of [10, Theorem 1.5] rests on the assumption that linearizability
is preserved under conjugation by any element of A , but unfortunately, this
is not true. More precisely, the problem is found in the following sentence in
[10, lines 2-4, page 270]: ”... l conjugates ˜Inv(D(f)) onto ˜Inv(D(g)) and con-
jugates compact Lie subgroups to compact Lie subgroups, preserving conjugates
and preserving linearizability.” Here, (r, l) is an arbitrary element of A , and
linearizability of a compact Lie subgroup H of ˜Inv(D(f)) means that for some
l˜ ∈ ˜Inv(D(f)) with j1 l˜ = id, l˜Hl˜−1 is linear. However, this statement does not
generally hold:
Proposition 35 For a general element (r, l) ∈ A , the conjugate group lHl−1
is not generally linearizable.
Proof. To see this, consider the following linearizable diffeomorphism germ φ:
(Rp, 0) (Rp, 0)
(Rp, 0) (Rp, 0)
//
φ

 
 
 
 
 
ψ

 
 
 
 
 
ψ
//
T0φ
and suppose that l : (Rp, 0) → (Rp, 0) is another diffeomorphism-germ. The
question now is, whether we can find a diffeomorphism-germ ψ˜ ∈ ˜Inv(D(f))
such that T0ψ˜ = id and the following diagram commutes?
(Rp, 0) (Rp, 0)
(Rp, 0) (Rp, 0)
//
lφl−1

 
 
 
 
 
ψ˜

 
 
 
 
 
ψ˜
//
T0(lφl
−1)
Decomposing the diagram, we get
(Rp, 0) (Rp, 0) (Rp, 0) (Rp, 0)
(Rp, 0) (Rp, 0) (Rp, 0) (Rp, 0)
//l
−1

 
 
 
 
 
T0l◦ψ◦l−1
//
φ

 
 
 
 
 
ψ

 
 
 
 
 
ψ
//l

 
 
 
 
 
T0l◦ψ◦l−1
//
T0l
−1
//
T0φ
//
T0l
giving ψ˜ = T0l ◦ ψ ◦ l−1. It is easy to see that T0ψ˜ = id, but we also need
ψ˜ to belong to ˜Inv(D(f)). In particular, we need ψ˜(D(f)) = D(f). Since
l and ψ both belong to Inv(D(f)), we have ψ(l−1(D(f)) = D(f). However,
ψ˜(D(f)) = T0l(ψ(l
−1(D(f)))) = T0l(D(f)), which equals D(f) if and only if
D(f) = T0D(f), but this is not generally the case. It follows that linearizability
is not preserved under conjugation.
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As a consequence of proposition 35, the proof of [10, Theorem 1.5] does not
hold.
The linearizability is used in [10] to relate compact subgroups of ˜Inv(D(f)) to
compact subgroups ofAf . Let us temporarily assume that there is an alternative
way to do this. We can prove:
Proposition 36 Let f be a multigerm as in conjecture 33. Suppose that for any
linear compact subgroup H0 of ˜Inv(D(f)), we can find a compact subgroup G˜ of
Af such that p(G˜) ⊃ H. Then p(MC(Af )) is a maximal compact subgroup of
˜Inv(D(f)), and the sequence (32) is split exact, so that MC(Af ) = MC(Rf )⊕
p(MC(Af )).
Proof. The following lemma holds, even for multigerms, with a proof similar
to that in [10]:
Lemma 37 Let f =
⊔
s fi :
⊔
s(Rn, 0)→ (Rp, 0) be a CN. Then the sequence
1→ Rf i→ Af p→ ˜Inv(D)→ 1 (38)
is well-defined and exact, where i(r) = (r, id) and p(r, l) = l.
If f is a finitely A -determined multigerm, we know by theorem 7 that
MC(Af ) exists and is unique up to conjugation in Af . Just as in [10], also
MC(Rf ) exists and is unique up to conjugation in Rf . Moreover, the sequence
1→MC(Rf ) i→MC(Af ) p→ p(MC(Af ))→ 1
is split exact, where p : A → L . It is clear that p(MC(Af )) is a compact sub-
group of Inv(D); what we would like to prove is that p(MC(Af )) is a maximal
compact subgroup of ˜Inv(D), unique up to conjugation.
Let G be a maximal compact subgroup of Af , and note that if we can prove
the result with f replaced by an A -equivalent germ f0, then the result holds
also for f .
Pick a compact subgroup H of ˜Inv(D). We would like to show that p(G)
is a maximal compact subgroup of ˜Inv(D) by showing that H is conjugate in
˜Inv(D) to a subgroup of p(G). Choose a germ f0 = α · f which is A -equivalent
to f , where α = (r1, . . . , rs, l) ∈ A , such that H0 = lHl−1 is linear. By abuse
of notation, we identify H0 with j
kH0 for any k.
If we can find a maximal compact subgroup G˜ of Af0 such that H0 ⊂ p(G˜),
then we can prove the result as follows: Since G˜ and G are maximal compact
subgroups of Af0 and Af , respectively, there exists some g = (r˜1, . . . , r˜s, l˜) ∈
Af0 such that gG˜g
−1 = G, and p(G) = p(gG˜g−1) = l˜p(G˜)l˜−1. Moreover,
l˜ ∈ ˜Inv(D(f0)) since g ∈ Af0 , and p(G) = l˜p(G˜)l˜−1, so H0 is conjugate to a
subgroup of p(G) via l˜. But then H is conjugate to a subgroup of p(G) via l˜l.
We are thus left with the problem of lifting the group H0 to a compact group
G˜ < Af0 . Let us attack the problem on the jet level.
Proposition 39 Let f be as in conjecture 33, and let H0 be a compact, linear
subgroup of ˜Inv(D(f0)). For any r ∈ N0, we can find a compact group G˜ < Af0
such that jrpG˜ = H0.
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Proof. Since H0 acts linearly, we have H0 = j
kH0 for any k ≥ 1, and by the
arguments above, H0 ⊂ Im(jkp), where p : Af → L. By [10, Corollary 4.4], if
h : H → H ′ is a surjective homomorphism of real algebraic groups, then every
compact subgroup of H ′ is the image under h of a compact subgroup of H.
Hence, there exists a compact subgroup G0 of A kjkf0 such that j
kp(G0) = H0.
We would like to find a corresponding subgroup on the map level, namely
a subgroup G˜0 of Af0 with j
kG˜0 = G0 and p(G˜0) ⊃ H0. By Bochner’s lin-
earization theorem, we may (by changing source coordinates) assume that G0
acts linearly, while we still have jkp(G0) = H0. Let f
′ denote the polynomial
representative of jkf . Since G0 acts linearly, we must also have G0 < Af ′ .
Since f ′ has the same k-jet as f0, and these maps are finitely A -determined, we
have that for sufficiently large k, there exists β = (φ1, . . . , φs, ψ) ∈ A such that
f0 = β ·f ′. Since G0 < Af ′ , we have βG0β−1 < Af0 . We had H0 < ˜Inv(D(f0)),
and now we must also have ψH0ψ
−1 < ˜Inv(D(f)).
As pointed out in [7, Addendum to 3.5], f0 is actually k − Ar-determined
for any r with k sufficiently large. Hence, we may assume that jrψ = id for any
r, and for sufficiently large k (depending on r). Thus there exist, for any r ∈ N,
a k  0 and a β = (φ1, . . . , φs, ψ) such that the compact group G˜ = βG0β−1 <
Af0 satisfies j
kp(G˜) = jk(ψH0ψ
−1) = H0. We may assume r ≤ k, so jrp(G˜)H0,
and we have jrp(G˜) = jrψH0(j
rψ)−1 < ˜Inv(D(f0)).
This shows that on the jet level, we can get arbitrarily close to the lifting of
H0. Unfortunately, this is not immediately enough to get a lifting of H0 to Af0 ,
but leaves us with the following conjecture, which will be considered further in
a forthcoming paper:
Conjecture 40 There exists a compact subgroup G˜ of Af such that p(G˜) ⊃ H0.
If this conjecure holds, then by the argument above, so does conjecture 33.
4.3 Maximal compact subgroups are often small
Recall from lemma 6 that Af is a subgroup of Kf , so the size of Kf is an
upper bound for the size of Af . In this section we prove that Kf is very small
for finitely determined rank 0 germs, making it easy to compute. Since we
have shown that maximal compact subgroups of Kf for multigerms f can be
decomposed as a product of maximal compact subgroups for the corresponding
monogerms, the monogerm results carry directly over to multigerms.
Theorem 41 Let f : (Rn, 0) → (Rp, 0) be finitely K -determined, with p < n
and T0f ≡ 0. If p > 1, or if p = 1 and j2f = 0, then MC(Kf ) is ≤ 1-
dimensional, and if p = 1 then it is 0-dimensional.
For p = 1, this is related to a theorem by P. Slodowy:
Theorem 42 [14, Satz p. 169] Let f : (Rn, 0) → (R, 0) be a germ such that
j2f = 0 and f is finitely R-determined. If a compact group G acts faithfully
and linearly on Rn, leaving f invariant, then G is zero-dimensional.
Remark 43 By [16, Theorem 4.6.1], any K -finitely determined function germ
is R-finitely determined.
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Corollary 44 Let f be as in theorem 41 with p = 1, and let G < Rf be a
compact subgroup. Then G is zero-dimensional.
Theorem 45 Let f be as in theorem 41 with p = 1, and let G < Kf be a
compact subgroup. Then G is zero-dimensional.
Proof. Changing f by a K -equivalence, we may assume that G acts linearly
by lemma 6. Note furthermore that changing f by a K -equivalence will not
change the fact that j2f = 0.
Linear subgroups of K lie in A by lemma 6; hence we can assume G <
GLn×GL1 = GLn×R∗. The projections from GLn×R∗ onto GLn and R∗ are
continuous homomorphisms, and take G to compact subgroups G˜ < GLn and
GR < R∗, respectively. Since GR is a compact subgroup of R∗, we must have
GR < {±1}.
Having this in mind, we see that G˜ splits into two parts, namely
G˜ ∩Rf and H = {g ∈ G˜|g · f = −f}.
The group G˜ ∩Rf is finite by theorem 42, but what about H?
Since G˜ is a Lie group, we must either have G˜ discrete, or G˜∩Rf ⊂ ∂G˜H with
dimH ≥ 1. Suppose the latter. Then we can form a continuous path γ : I → G˜
such that γ(0) ∈ Rf ∩∂G˜H and γ(t) ∈ H for t 6= 0. Then we have γ(t)
t→0→ γ(0),
and for any given x ∈ (Rn, 0) we have f(γ(t)(x)) t→0→ f(γ(0)(x)), since G is a
matrix group. But by the definitions of H and Rf , we have f(γ(t)(x)) = −f(x)
when t 6= 0, while f(γ(0)(x)) = f(x), so unless f(x) = 0, this must be false. We
have f(x) 6= 0 for x arbitrarily close to 0 ∈ Rn, and hence we cannot find such a
path γ. But then G˜ must be discrete. Being a compact discrete set, G˜ is finite.
For p ≥ 2, C.T.C. Wall has proven an analogous result over the complex
numbers:
Theorem 46 [15, Theorem 3.3] Let f : (Cn, 0)→ (Cp, 0) have finite singularity
type, 1 < p < n, and T0f ≡ 0. Then
dimGf ≤ 1,
where Gf is a maximal complex reductive subgroup of Kf .
We shall pass from Wall’s result to the corresponding claim over the real
numbers from theorem 41.
Proof (of theorem 41). Denote G = MC(Kf ) for short. By lemma 6, we
may assume, up to a change of coordinates, that f is a polynomial and that G
is linear. In particular,
G < Kf ∩ (GLn ×GLp) < Af
by lemma 6.
There is a corresponding complex polynomial
fC : (Cn, 0)→ (Cp, 0)
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with the same (real) coefficients as f . Then fC is finitely K -determined as well
[16, Proposition 1.7], hence has FST.
Viewing G as a subgroup of
GL(n,R)×GL(p,R) < GL(n,C)×GL(p,C),
we denote by GC the Zariski closure of G in GL(n,C)×GL(p,C). By Schwarz
[13, 2.2-2.6], the set GC is a reductive complex algebraic subgroup of the alge-
braic group GL(n,C)×GL(p,C), and if we write g and gC for the Lie algebras
of G and GC, respectively, then gC = g + ig.
We argue that GC < AfC , which will prove that dimCGC ≤ 1 by Wall’s
theorem (that is, theorem 46).
The action of GC on (Cn, 0) × (Cp, 0) is algebraic, and hence Zariski con-
tinuous. Viewing G as a subset of GC with the induced Zariski topology, the
maps
Φ: G→ Cp, g 7→ (g · f)C(z)
ΦC : GC → Cp, gC 7→ (gC · fC)(z)
are Zariski continuous for any fixed z ∈ Cn, and ΦC is a continuous extension
of Φ.
The map Φ is constant, because G < Af and hence g · f = f for all g ∈ G.
ButG is Zariski dense inGC by [13], and points are closed in the Zariski topology
on Cp; hence ΦC must be constant as well. Since this holds for all z ∈ Cn, it
follows that GC < AfC , and dimGC ≤ 1 by theorem 46.
Then dimC gC ≤ 1, and since gC = g + ig, we must have dimR g ≤ 1, and in
particular dimRG ≤ 1.
Example computations
The results from section 4.3 allow us to efficiently compute maximal compact
subgroupsKf for germs that are of particular interest to us, as illustrated in the
example below. The argumentation will obviously carry over to a wide range of
other cases.
Example 47 Let f : (R2, 0)→ (R, 0) belong to the Ep,0(∗) or Zp,0(∗)-series of
singularities; namely, let f be one of the map-germs
a) (x, y) 7→ x3 + λxy2p + y3p,
b) (x, y) 7→ y(x3 + λxy2p + y3p),
with p > 1 and λ 6= 0. Then f is a weighted homogeneous polynomial, and
in particular, f is R∗-equivariant, so {±1} is a compact subgroup of Af . We
show that {±1} is a maximal compact subgroup of Af by showing that it is a
maximal compact subgroup of Kf . Below, we give the argument for the germ
a); the argument for b) is almost identical. See [2, Theorem 97] for a more
detailed account.
LetG < Kf be a maximal compact subgroup. Suppose that (l, (h1, h2)) ∈ G,
which acts on f by
(l, (h1, h2)) · f˜(x, y) = l(x, y) · f˜(h1(x, y), h2(x, y)).
We note that for elements ofKf , the diffeomorphism l is completely determined
by (h1, h2); in other words G is determined by its action on the source space,
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and the projection
p : K = C oR → R, (l, (h1, h2)) 7→ (h1, h2),
restricts to an injection on Kf . Thus, it is enough to show that the set of pairs
h = (h1, h2), which can be part of an element in Kf , is isomorphic to {±1}.
Since j1G ∼= G, we can show this by investigating the 1-jet of h, denoted
j1h =
[
α β
γ δ
]
.
Since h comes from an element of Kf , we must have
a) β = 0,
b) α, δ ∈ {±1},
c) j1h =
[
1 0
γ 1
]
can only hold if γ = 0,
d) j1h =
[ −1 0
γ 1
]
never holds,
e) j1h =
[ −1 0
γ −1
]
can only hold if p is odd,
f) j1h =
[
1 0
γ −1
]
can only hold if p is even.
Here, a) follows from weighted homogeneity of f ; b) and c) follows from the
fact that j1(prR(G)) is a finite matrix group so h
k = id for some k ∈ N0. To
see d)-f), plug in polynomial expansions for h1 and h2 into the formula for f
and use weighted homogeneity of f to deduce relations on the coefficients of the
hi, which can only be true under the conditions d)-f). Now we know that G
consists of the identity along with elements (l, (h1, h2)) such that j
1h is of the
form e) if p is odd, or f) if p is even. Again, using the fact that G is finite, we
see that in both cases, there is only one valid value of γ. Hence, G ∼= Z2, and
{±1} ∼= Z2 is a maximal compact subgroup of Af .
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